We show that a careful analysis of the Navier-Stokes equation in the low Reynolds number limit has two distinct solutions, one valid for a deep, thin curtain of flow and the other for a thin wide flow. We derive a solution to the latter situation and use the results to develop a new way to control fluid flows in thin, wide sheet flow.
D
The problems of fluid transport that are usually considered describe fluid flow in pipes, a system in which one dimension, the length, is much greater than the two other dimensions. There are, however, many occasions where one wants to control fluid flow in a sheet, a system where two of the dimensions, length and width, are much larger than the third, the height. What we call here '2 1 2 D hydrodynamics' describes such sheet flow. A familiar example of a 2 1 2 D system is the flow of air that gives rise to the weather. A typical pattern of clouds shown in figure 1 arises from the turbulent flow pattern of air in the layer of atmosphere that is only at most 10 km thick which is much smaller than Earth's diameter of 30 000 km. The turbulent nature of this sheet flow makes the weather so notoriously difficult to predict. The 2 1 2 D flows in the low-Reynolds-number world of the microfabricated chip can be predicted and controlled, particularly if some basic aspects of hydrodynamics under the unique conditions of low-Reynolds-number flow are understood.
Understanding of 2 1 2 D flows is of great importance for the rapidly developing field of biodevice miniaturization. Over the past decade there have been immense efforts directed towards miniaturization of bio-analysis systems through applications of microfabrication. The goal is to integrate different micro-components into a single micro-total analysis system (µTAS) [1] and run an array of such systems in parallel. So far, many essential components of the µTAS have been demonstrated to perform better than their large-scale equivalents. New technologies for sorting and mixing of biomolecules [2] and for fractionation of cells from blood [3] have also arisen. Highly integrated lab-on-a-chip devices have also been proven feasible [4] [5] [6] . For example, capillary electrophoresis (CE) on microchips has been applied to the analysis of nucleic acids, amino acids, and other types of sample [7] . Other microfabricated electrophoretic devices, such as entropic trap arrays [8] , could utilize new mechanisms to enable faster fractionation of macromolecules with better resolution than conventional gel electrophoresis. Various types of microfluidic pump [9, 10] which can potentially be used to transfer samples on microchips have also been demonstrated. Many other applications, such as polymerase chain reaction (PCR) [11, 12] and fluorescence-activated cell sorting (FACS) [13, 14] , have been performed on microchips. Microfabrication is the method of choice for integration of all these miniaturized components into a micro-total analysis system. Since microfabrication is basically a set of planar processes applied to planar substrates, the fluid flows in microfabricated devices are often effectively two dimensional. The thickness of the fluid flow sheet, however, cannot be ignored. The flow in these systems is NOT uniform and unbounded in the x-y plane. The z-dimension, although small compared to the characteristic sizes of the x-y plane, cannot be set to zero. In this paper we refer to such geometries (shown in figure 2) as '2 1 2 ' dimensional. In a previous paper we explored the basic aspects of fluid flow in these structures [15] , but did not explicitly consider the boundary value problems in the x-y plane. Here we show that by applying a possibly complicated set of boundary values in the x-y plane we can properly model and control flows in planar microfabricated structures. We also show that the hydrodynamic impedance change in moving from one set of confining structures to another greatly influences the streamlines of the flow pattern in somewhat non-intuitive ways. We consider how understanding of hydrodynamics in 2 1 2 D can help us form a thin stream of one liquid imbedded in another liquid, that we refer to as an 'injector jet'. Finally we extend these ideas to possibilities of precisely controlled complex flow patterns in microfabricated fluidic devices.
Somewhat simple hydrodynamics in 2 1 2 dimensions
In the derivation of the Navier-Stokes equation, Newton's law is of course the starting point. We consider F = ma for a small element of fluid of mass dm = ρ dx dy dz under the influence of a force. Since when using Newton's law one always has to follow the motion of the same atoms, the elemental boundaries dx, dy, and dz enclosing the mass dm change as the tubing twists and it turns out that in order to find the true acceleration one has to worry about the spatial derivatives as well as the simple ∂v/∂t. This transforms the simple total derivative into a convective derivative and in the end the acceleration a is broken into two terms. Some careful thought, beautifully described in Feynman's lectures [16] , then yields the famous Navier-Stokes equation that describes the movement of a viscous fluid of density ρ and viscosity η:
The above equation says that the forces per unit volume due to a pressure gradient (∇P ) and shear (η ∇ 2 v) are equal to the mass per unit volume (ρ) times the acceleration of the fluid. The right-hand-side terms are sometimes referred to as the 'inertial forces', although they are not forces in the strict physics use of the word. If there are additional forces acting on the fluid (for instance, gravity), these terms are just added onto the left-hand side (ρg). The NavierStokes equation is a non-linear equation in velocity v which makes it analytically unsolvable in a general case. However, when appropriate approximations are made, the Navier-Stokes equation can be reduced and solved.
A useful concept in fluid dynamics is the ratio of the inertial forces (the right-hand side of equation (1)) to the viscous forces for steady flow because it determines what terms of the Navier-Stokes equation can be ignored in a particular situation. In steady flow, the velocity is independent of time, so ∂v/∂t = 0. The magnitude of the inertial forces expressed in the term ρ(v · ∇)v is ρv 2 /l, where l is a typical length scale over which the velocity changes, i.e., it is the effective size of the spatial derivative dr in the Navier-Stokes equation. The viscous force, η ∇ 2 v, goes as ηv/ l 2 . This ratio, referred to as the Reynolds number, is usually written as
In the microfabricated world that we are interested in, with water as the transporting fluid, the typical dimensions of the system set some limits to R e and allow us to significantly reduce the Navier-Stokes equation. The length over which velocity changes, l, is at most 0.01 cm, the density ρ is 1 g cm −3 , and the viscosity η is 0.01 g cm −1 s −1 . Hence, R e is less than 1 for fluid velocities less than 100 cm s −1 , a huge velocity on a chip. Since R e in the chip is low, we can safely drop the non-linear inertial term ρ(v · ∇)v from equation (1) . In addition, we are interested in the steady-state flow with no time dependence of the velocity fields (∂v/∂t = 0). The vector equation that describes our system is then η
The second equation that our system obeys follows directly from the incompressibility of water. At the modest pressures and flows found in the world of microfabricated chips the compressibility of water is negligible. Therefore, all solutions to equation (3) will also be divergence free:
The type of flow encountered in microfabricated structures has certain unintuitive characteristics. It is known by various names: 'Stokes flow', 'creeping flow', 'potential flow', or most simply and clearly 'low-Reynolds-number flow'. At low R e the fluid flow is determined entirely by the pressure distribution and, of course, the boundary conditions (v = 0 at the walls). The boundaries of a flow chamber have a profound effect on the flow profile. Such effects determine the relationship between pressure gradients and volumetric flow rates, the uniformity of velocity profiles transverse to the mean flow direction, as well as aspects of advection-enhanced diffusion (that is, enhancement of mixing by shearing flow-Taylor diffusion). Note also that equation (3) contains no time derivatives, unlike the general case of the Navier-Stokes equation (1) . Because of this, under low-Reynolds-number conditions all motion is symmetric in time, meaning that if the pressures or forces exerted on the fluid are reversed, the motion in the fluid is completely reversed [17] . While at high Reynolds number, it is virtually impossible to move a fluid and then return it to its original state, at low Reynolds numbers (<1) this is easily done.
We start solving the Navier-Stokes equation by considering the most important physical situation encountered: the flow through a long channel. Surprising predictions for the flow profile in this case are easy to obtain. For both pipe (cylindrical) and channel (rectangular) flow, we consider a conduit of infinite extent in the z-direction, with a (fixed) pressure gradient:
with G > 0. The velocity field is v(x, y) = u(x, y)ê z , and is automatically divergence free for any scalar function u(x, y). In the case of flow through a cylindrical pipe, the azimuthal symmetry yields
with the boundary condition u(R) = 0. The solution is
This is the usual parabolic flow profile. It is of great interest to note that the flow is proportional simply to the gradient in the pressure with distance. Thus, we can find a very simple relationship between the total rate of fluid flow Q from a pipe of length L and the pressure drop δP across the pipe:
This is nothing more than Ohm's law. Ohm's law is simply the flow of electrons at low R e ! Although we derived this simple proportionality between flow and pressure using the special case of an infinitely long cylindrical pipe at low Reynolds number, the relationship holds for any long conduit of any cross section, and even up to moderate Reynolds numbers. This original discovery that Q ∝ δP dates back to Henry Darcy's experiments with sand traps in the 1850s [18] . Provided the Navier-Stokes equation (1) can be reduced to a linear form, we will always find that δP ∝ v, and of course Q ∝ v as well. The pesky non-linearity on the right-hand side of (1) is caused by curving flows. When confined to a long, straight channel in theẑ-direction, any fluid will eventually achieve a uniform flow with v(x, y) = u(x, y)ê z . The non-linear term in the Navier-Stokes equation (∇ · v)v = (∂u/∂z)v vanishes because u does not depend on z. With the non-linear term removed, we will always find that A ∝ δP . At intermediate Reynolds numbers (R e > 1, but still laminar flow), the flow entering the mouth of a pipe will take longer to settle into a steady state. This simply means that we must expand the definition of a 'long' pipe to allow a greater region at the entrance and exit of the pipe where transients will produce a deviation from the linear law. The hydrodynamic circuits at low R e can, therefore, be modelled by simple resistive networks. This gives us a huge computational advantage over those poor souls trying to predict the weather.
So far we have solved a 1D flow problem in the pipe and we are now going to discuss flows in systems that are wide and shallow. We found that the flow in a pipe is a linear function of the pressure drop across the pipe. Much of what we want do using microfabricated chips, however, involves large 2D areas (figure 2) rather than narrow pipes. What happens when a pipe injects fluid into a large area? You might be tempted to think that in the case of laminar flow a 'jet' of fluid injected into the area would continue onwards into the area as a well-defined 'jet stream'. That is actually the case in a high-R e situation where the inertial terms dominate. In low-R e situations the viscous damping terms dominate and fight against any high-shear environment. Consequently the jet 'instantly' slows down to the average rate of flow in the new area. Due to the conservation of mass, it then broadens enormously.
We now make a subtle step by moving from truly three-dimensional flow to flow in a wide area in the x-y plane which is thin along the z-axis. In this wide area we assume that the thickness of the area h is much smaller than the lateral dimensions h x and h y (figure 2). We hope that we can separate variables by writing v(x, y, z) = u(x, y)f (z). By considering the flow profile in the thin dimension z, we move from a case in 2D in which the flow would be infinitely deep to the 2 1 2 D case in which the flow is shallow. Since the sheet flow is much thinner than it is wide or long, the most important boundary condition is the stick condition at the top and bottom surface. It is the shear forces against these surfaces which restrict how fast the fluid can move. The sides that are a thousand times further away than the top and bottom control the direction in which the fluid moves. The stick boundary conditions on the top and bottom surface thus will dominate and set up a standard parabolic profile:
where h is the depth of the chip: 7 µm in the chip used below. This is sometimes known as the Darcy approximation [18] . Substitution of this form for v into equation (3) gives
where ∇ 2 now refers only to the dimensions x and y. Note that you can get the same equation by making the approximation
directly in equation (3), separating variables, deducing the parabolic form for the z-dependence, and eliminating the z-coordinate. Given that u has to be divergence free, it is convenient to define the scalar stream function (x, y) which allows us to simplify the equation that we need to solve for a shallow chip even further and end up with a simple Laplace's equation. The stream function is defined such that u ≡ ∇ × ( ê z ). By taking the curl of equation (10) and substituting this form of (x, y), after some vector identities we obtain
Considering that the entire z-dependence of the problem has already been absorbed into the statement (9), the Laplace operator in equation (12) 
This is a pleasure to solve using your favourite computer program, Fourier analysis, or conformal mapping technique. By assuming that the Laplace's equation is valid we make some major approximations and we need to consider their consequences. If we have 'sharp' turns in the jet (near a right-angle turn or an inlet, for instance), then the equivalent assumptions (9) and (11) will fail. We expect that there will be a region of size about h in which equation (13) will not be valid. However, for most places in a large array the solution should be applicable.
Since the end result is a well-behaved two-dimensional stream function (x, y), it is tempting to posit such a form from the beginning, apply the same definition v ≡ ∇ × ( ê z ), substitute this into the Navier-Stokes equation, and perform the standard vector calculus manipulations. This quickly yields the biharmonic equation ∇ 4 = 0. Comparison with equation (12) reveals that this corresponds to the limit of large h: a very deep chip. This problem occurs if one specializes to a 2D stream function without imposing parabolic velocity profiles. By dropping the third dimension from the start, nothing is allowed to vary with z. In particular, all the pressures and velocities are then set to be invariant in z which is not the case in a shallow device. The case described by the biharmonic equation actually describes an infinitely deep chip. In fact, one of us (RHA) had a student write an entire Senior Thesis at Princeton using the biharmonic solution, and it was a dead-wrong thing to do because in fact we are in the 2 1 2 D limit, not the 2.0 D limit. This work arose from studying ultra-fast mixing of vertical sheets of moving fluids [20] and was maybe of some utility in the case where the fluid jet is very thick [21] but not for the case of a large flat array.
For the (fourth-order) biharmonic equation (equation (12)), we must specify four boundary conditions (per dimension) to get a unique solution. The physical constraints are the no-slip conditions v = 0 at the boundary wall ∂D. Since v = ∇×φẑ, we naturally impose the no-slip condition by making ∇φ| ∂D = 0. This is easier to write as ∇φ ·n = 0 and ∇φ ×n = 0, wheren is the unit normal to the boundary. If we impose this condition everywhere, we get the very simple solution φ = constant, which correctly predicts that a completely enclosed body of fluid does not move. When we add an inflow channel we construct the long-channel flow solution and convert it to a stream function. We then impose such a φ on the bit of ∂D where we want fluid to flow in. For a boundary along the x-axis, the relevant stream functions could be φ = x − x 3 /3, −1 x 1 (for parabolic flow in the deep etch) or φ = x (for plug flow in the shallow etch). Since the long channel has translationally invariant flow, it must also have ∇φ ·n = 0, wheren points along the direction of flow. Since we already know that ∇φ ×n = 0 on all the parts of ∂D where there is no channel flowing in or out, we can just integrate this along ∂D. This gives a φ which is constant between the channels, and analytically specified in the channels. We have, thus, constructed the eight boundary conditions for the biharmonic equation that determine φ everywhere: we know φ on all four walls, and we impose ∇φ ·n = 0 on all four walls.
When we move to the second-order Laplace equation (equation (13)), the system is overconstrained and we have to give up some of the boundary conditions resulting in a solution that is valid everywhere but in the narrow region near the walls. We have to give up either ∇φ ×n = 0 or ∇φ ·n = 0. The first of these guarantees that v ⊥ = 0: i.e. that no fluid flows in or out through the wall. If we give this up, we will lose conservation of mass! The second guarantees v = 0: i.e. the no-slip condition. If we lose the no-slip condition we allow infinite shear on the fluid at the boundary. In our argument we retain the first condition, and give up the second. This definitely and unavoidably violates the no-slip condition but it is just the mathematical consequence of assuming an infinitely shallow chip. For instance, an infinitely shallow, straight channel would have perfectly plug-like flow, with v = constant right up to the wall, where it would fall discontinuously to zero, giving an infinitesimal region of infinite shear. Again, it is precisely this physically dubious region next to the wall which we know violates the approximations which got us to the Laplace equation in the first place. A full 3D model would correct the solution next to the wall, forcing v smoothly to zero. If we attempt to impose the usual boundary conditions of stick at the walls, so v = 0 → ∇ = 0, we find that we get a problem which although annoying does not cause major problems. Inside a channel, we assume we have established plug flow: v = cx → = cy. At the very edge of a channel we no longer have plug flow, so v is not parabolic in z and the collapse from three dimensions to two is no longer meaningful. This situation falls under the caveat above: there will be a region of size h where Laplace's equation does not exactly apply. On the plus side, this means we should not get too concerned about the shape of near the edge of the channel, since we know that our differential equation is not really accurate there. In particular, we do not have to worry that the boundary condition = cy produces an infinite shear at the wall of the channel.
The solution we propose here arises from a well-established Darcy's approximation to which we apply complex x-y boundary conditions and then use to explicitly solve v(x, y). In the Darcy approximation we assume a vector field v(x, y) and a parabolic profile in z between the plates. The Laplacian potential function equation is really the Saffman-Taylor problem at zero tension (i.e., no surface interface between two different fluids) and in that sense it is a 'trivial' example of the much more difficult problems that Bensimon et al tackle in their beautiful article in Review of Modern Physics [19] . What IS new here is the application of complex x-y boundary conditions that allows us to find the explicit v(x, y) solutions using potential functions for two components of the same fluid moving at different initial speeds into a common area.
An attempt to make a uniform jet and why it fails
Let us now turn to a practical problem of making fluid run in a narrow stream of constant width across an open area. We will see how our understanding of '2 1 2 D' hydrodynamics can help us design a more uniform jet.
One might think that the structure shown in figure 3 would work. The philosophy behind this particular chip design was that the two wide side channels would squeeze the already narrow fluid flow from the centre channel and create a thin jet of fluid moving across the array. Figure 4 shows a wide spreading of the jet upon entering the open area. The problem arises because in a low-R e configuration abrupt changes in fluid velocities are not allowed. The velocity of the fluid near the entrance changes slowly resulting in initial broadening of the jet profile. The jet ultimately narrows as determined by net fluxes but it has to spread first. The resulting profile, thus, is not a jet of uniform width over its entire length.
Simulations of the flow profile using the potential function solutions to equation (12) show how well the '2 1 2 D' Darcy approximation agrees with the data. Figure 4 shows a view of a 
The N -port injector idea
There is, however, a way to establish uniform and confined flow patterns by careful consideration of boundary conditions and at a cost of microfabrication complexity.
The key concept here is that the boundary values explicitly determine the flow patterns in the area and that by controlling them we can control the flow. The boundary values in hydrodynamics are determined by the fluxes of fluids at the surface. Normally, as we discussed above, we assume that the boundaries have no fluid flow across them, but this does not have to be the case. Suppose that the sides of the area have a large array of microchannels feeding a large number of streams into the area; the boundary conditions are now changed to a given flux of fluid. In principle the flux itself is an unknown quantity and difficult to posit a priori. However, if the fluid flux is injected into a region from a device with high fluid compliance, then the flux is constant to a high degree of accuracy and independent of the subsequent restrictions on the area into which the fluid is injected. In this way the fluid pattern becomes 'ballistic' as is true of high-R e flow without the problems of turbulence. A high-compliance fluid source is nothing more than a current source. It can easily be constructed in a hydrodynamic array in the same way that current sources are constructed in electronics. By passing a fluid at an initial high pressure through a long narrow pipe, one ensures that most of the pressure drop occurs over the pipe and that only a small fraction of it occurs over the subsequent hydrodynamic 'circuit'. In this way the fluid flux becomes independent to first order of the low-impedance part of the circuit and the boundary conditions are fixed. Figure 5 shows a microphotograph of a device in which the above-described principles have been applied. The large open area is an array of posts on a hexagonal lattice used for the fractionation of genomic DNA [22] . The side channels that determine the boundary value flux conditions can be seen as the series of lines feeding into the main area. These long channels act as pressure-dropping fluidic resistors and establish the current source nature of the boundary values. One of the channels is special and is connected to a unique reservoir which contains the material to be transported across the array, in our case DNA molecules. Figure 6 taken a quarter of the way down the side of the array shows the special channel, hydrodynamically isolated from the rest of the channels, which brings in the biological molecules that will be fractionated in the array. Figure 7 shows a view of this sample injection line. By properly adjusting the pressure heads on the channel reservoirs we now can inject a straight stream of fluid across a large open area without the blooming problem seen in a three-port injector shown in figure 4 . Figure 8(a) and figure 8(b) show the propagation of such a flow across the hexagonal array of posts. In this example, we have a sample of DNA molecules of differing lengths transported across a wide area prior to a series of fractionating crossed field pulses [22] which again can be guaranteed to be uniform across the area because of the N -port injector current source idea. The above-described technology can be scaled to get increasingly complex flow patterns. By having the channels divided up into a large number of independently adjustable pressure sources, the complex boundary value flux patterns can be established. The elegance of the 2 1 2 D hydrodynamics can then be exploited to solve critical problems of transport in miniature bio-devices. The same injected jet now seen about 500 µm across the stream. The broadening seen is due to diffusion but the streamlines of the jet remain intact and focused.
